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It has been suggested that the recent acceleration of the expansion of the Universe is due a
modified gravitational action consisting of the Einstein-Hilbert term plus a term proportional to the
reciprocal of the Ricci scalar. Although the original version of this theory has been shown to be in
conflict with solar system observations, a modified Palatini version of the theory, in which the metric
and connection are treated as independent variables in the variational principle, has been suggested
as a viable model of the cosmic acceleration. We show that this theory is equivalent to a type of
scalar-tensor theory in which the scalar field kinetic energy term in absent from the action, and
in which the scalar field is therefore not an independent dynamical degree of freedom. Integrating
out the scalar field gives rise to additional interactions among the matter fields of the standard
model of particle physics at a mass scale of order 10−3 eV (the geometric mean of the Hubble scale
and the Planck scale), and so the theory is excluded by, for example, electron-electron scattering
experiments.
The observed acceleration of the Universe’s expansion
[1, 2] is normally attributed to so-called dark energy, that
is, an additional source of gravity such as a cosmological
constant or a quintessence field. However, it has recently
been suggested that the acceleration is due instead to
a modification of gravity at cosmological distance scales
[3, 4, 5]. In particular, Carroll et. al. [4] suggested a
gravitational action of the form
S =
1
2κ2
∫
d4x
√−g
[
R − µ
4
R
]
, (1)
where R is the Ricci scalar, κ2 = 8piG and µ is a mass
scale of order the Hubble scale; see also Refs. [6, 7, 8, 9,
10]. Chiba [7] showed that the theory (1) is equivalent to
a scalar-tensor theory [11] with a very light scalar field
that couples to matter with gravitational strength. This
theory is therefore ruled out by solar system experiments
[7].
However, a modified version of the theory (1) can be
obtained by treating the metric and the connection as
independent dynamical variables in the variational prin-
ciple, as suggested by Vollick [6]. For general relativity,
this Palatini or first-order variational principle is equiv-
alent to the more usual variational principle where the
connection is taken to be determined by the metric. How-
ever, for actions that are nonlinear functions of the Ricci
scalar, the Palatini variational principle and the stan-
dard variational principle give rise to inequivalent the-
ories. The Palatini version of the theory (1), like the
original version, can explain the recent acceleration of
the Universe’s expansion [6, 9], but, unlike the original
form, has not been shown to be in conflict with solar
system experiments.
In this paper we show that the Palatini form of the
theory (1) is equivalent to a type of scalar-tensor theory
in which the scalar field kinetic energy term in absent
from the action. Integrating out the scalar field gives
rise to additional interactions among the matter fields of
the standard model at a mass scale of order 10−3 eV, and
so the theory is excluded by particle physics experiments.
We start by reviewing the equivalence of higher-order
gravity theories of the form (1) to scalar-tensor theories
[12, 13]. Consider an action of the form
S[g¯µν , ψm] =
1
2κ2
∫
d4x
√−g¯f(R¯) + Sm[g¯µν , ψm]. (2)
Here g¯µν is the metric (which we have barred for later
notational convenience), R¯ is its Ricci scalar, and f is
any function. The second term is the matter action Sm,
which is some functional of the matter fields ψm and of
the metric. We use units in which ~ = c = 1, and we use
the sign conventions of Ref. [14].
We introduce an extra scalar field ϕ into the theory by
defining a modified action [13]
S˜[g¯µν , ϕ, ψm] =
1
2κ2
∫
d4x
√−g¯ [f(ϕ) + (R¯− ϕ)f ′(ϕ)]
+Sm[g¯µν , ψm]. (3)
The ϕ equation of motion obtained from this action is
ϕ = R¯, as long as f ′′(ϕ) 6= 0, and thus the theory (3) is
classically equivalent to the original theory (2). Next, we
define a conformally rescaled metric gµν by
g¯µν = e
2α(ϕ)gµν , (4)
where α is the function of ϕ given by
e2α(ϕ)f ′(ϕ) = 1, (5)
and we introduce the canonically normalized scalar field
Φ = −
√
6
κ
α(ϕ) =
√
6
2κ
ln f ′(ϕ). (6)
The action now simplifies to
S˜[gµν ,Φ, ψm] =
∫
d4x
√−g
[
R
2κ2
− 1
2
(∇Φ)2 − V (Φ)
]
+Sm[e
2α(Φ)gµν , ψm]. (7)
2This has the form of a scalar-tensor theory [11], written
in terms of the Einstein-frame metric gµν . The potential
for the scalar field is
V =
ϕf ′(ϕ)− f(ϕ)
2κ2f ′(ϕ)2
, (8)
and the coupling function α(Φ) is given by
α(Φ) = − κ√
6
Φ. (9)
In this class of theories, the scalar field couples to mat-
ter with essentially the same strength as does gravity [7].
A measure of the ratio of the scalar coupling to the grav-
itational coupling is [11]
1− γ = 4(dα/dΦ)
2/κ2
1 + 2(dα/dΦ)2/κ2
=
1
2
, (10)
where γ is the PPN parameter. Solar system VLBI ex-
periments show that |γ−1| ≤ 3×10−4 [15], and thus the
theory (7) is ruled out unless the potential V (Φ) is such
that the field Φ is massive and short ranged [7].1 For the
Carroll et. al. model (1), the potential (8) is [4, 7]
V (Φ) =
µ2
κ2
exp
[
−2
√
2
3
κΦ
]√√√√exp
[√
2
3
κΦ
]
− 1. (11)
For this theory to explain the cosmic acceleration, we
require µ ∼ H0, where H0 ∼ 1.5× 10−33 eV is the Hub-
ble scale, and the resulting present-day effective mass√
V ′′(Φ) of the scalar field is ∼ H0 at κΦ ∼ 1. Thus this
theory is not viable [7].
Turn now to the Palatini form of the theory (2). We
first review the formulation of this theory given by Vollick
[6]. The action is a function of the Jordan-frame metric
g¯µν , a symmetric connection ∇ˆµ, and the matter fields
ψm. We can use instead of the connection ∇ˆµ the tensor
fieldHλµν defined by ∇ˆµvλ−∇¯µvλ = Hλµνvν for any vector
field vλ, where ∇¯µ is the connection determined by the
metric g¯µν . The action takes the form [6]
S[g¯µν , H
µ
νλ, ψm] =
1
2κ2
∫
d4x
√−g¯f(Rˆ) + Sm[g¯µν , ψm],
(12)
where Rˆ = g¯µν Rˆµν and Rˆµν is the Ricci tensor of the
connection ∇ˆµ, given by
Rˆµν = R¯µν + ∇¯λHλµν − ∇¯µHλλν +HλλσHσµν −HλµσHσλν .(13)
Varying the action with respect to Hλµν gives an equation
of motion whose unique solution is [6]
Hλµν = δ
λ
(µ∇¯ν) ln f ′(Rˆ)−
1
2
g¯µν g¯
λσ∇¯σ ln f ′(Rˆ). (14)
1 Note that this conclusion is independent of the choice of the
function f(R¯) in the original action (2), contrary to the claims
in Refs. [8].
Equation (14) is equivalent to the statement that the
connection ∇ˆµ is compatible with the metric f ′(Rˆ)g¯µν .
Varying the action with respect to the metric yields
f ′(Rˆ)Rˆµν − 1
2
f(Rˆ)g¯µν = κ
2T¯µν , (15)
where T¯µν is the stress-energy tensor. The trace of this
equation gives the algebraic relation
f ′(Rˆ)Rˆ− 2f(Rˆ) = κ2T¯ , (16)
which can be used to solve for Rˆ in terms of T¯ = g¯µν T¯µν .
The Ricci scalar of the metric g¯µν is then given by the
contraction of Eq. (13):
R¯ = Rˆ+ 3¯ ln f ′(Rˆ) +
3
2
[∇¯ ln f ′(Rˆ)]2. (17)
The traceless part of the equation of motion (15) can be
written in terms of the Ricci tensor R¯µν as[
R¯µν − ∇¯µ∇¯ν ln f ′(Rˆ) + 1
2
∇¯µ ln f ′(Rˆ)∇¯ν ln f ′(Rˆ)
]
TL
=
κ2
f ′(Rˆ)
[Tµν ]TL , (18)
where TL means “the traceless part of”. Equations
(16) – (18) replace the usual Einstein equations, and
the corresponding Friedmann-Robertson-Walker cosmo-
logical models have been studied by Refs. [6, 9].
We now show that the theory (12) is equivalent to a
type of scalar tensor theory. First, note that the connec-
tion is always on-shell compatible with some conformal
transform e2χg¯µν of the metric g¯, so that
Hλµν = δ
λ
(µ∇¯ν) lnχ−
1
2
g¯µν g¯
λσ∇¯σ lnχ (19)
for some scalar field χ. Substituting this ansatz into the
action (12) gives
S[g¯µν , χ, ψm] =
1
2κ2
∫
d4x
√−g¯ f [R¯− 6(∇¯χ)2 − 6¯χ]
+Sm[g¯µν , ψm]. (20)
All stationary points of the action (12) will also be sta-
tionary points of the action (20), by construction. How-
ever, the converse is not true, since solutions of the equa-
tions of motion of the theory (20) are stationary only
under a restricted set of variations of δHµνλ of the con-
nection. We discuss this point further below.
We next use the technique discussed above to eliminate
the nonlinear kinetic terms by introducing an auxiliary
scalar field ϕ. The modified action is
S˜[g¯µν , χ, ϕ, ψm] =
1
2κ2
∫
d4x
√−g¯
{
f(ϕ) (21)
+
[
R¯− 6(∇¯χ)2 − 6¯χ− ϕ] f ′(ϕ)} + Sm[g¯µν , ψm].
3As before the ϕ equation of motion is
ϕ = R¯− 6(∇¯χ)2 − 6¯χ, (22)
so the theories (20) and (21) are classically equivalent.
We next transform to the Einstein conformal frame gµν
using the relations (4) and (5). We also define the canon-
ically normalized version Φ of the field ϕ by Eq. (6) as
before, and we diagonalize the kinetic energy term in the
action by using instead of the field χ the quantity
Ψ =
√
6[α(ϕ) + χ]/κ. (23)
The resulting action is
S˜[gµν ,Φ,Ψ, ψm] =
∫
d4x
√−g
[
R
2κ2
− 1
2
(∇Ψ)2 − V (Φ)
]
+Sm[e
2α(Φ)gµν , ψm], (24)
where the potential V (Φ) and coupling function α(Φ)
are given by the same expressions (8) [or (11)] and (9) as
before.
We now address the issue of spurious solutions of the
equations of motion of the theory (24) that do not satisfy
the equations of motion of the original theory (12). We
show that the appropriate subclass of solutions of the
theory (24) are those solutions with Ψ = const. To see
this, note that for solutions of the original theory (12),
the connection is compatible with the metric f ′(Rˆ)g¯µν ,
by Eq. (14). Using Eqs. (22), (5) and (23) this metric
can be written as
f ′(ϕ)g¯µν = e−2αg¯µν = e−2κΨ/
√
6
(
e2χg¯µν
)
. (25)
Comparing with the ansatz (19) shows that on-shell we
must have Ψ = constant, as claimed. It is also possible
to show that this is the only restriction on solutions.
Therefore, the final action can be obtained simply by
deleting the field Ψ from the action (24):
S˜[gµν ,Φ, ψm] =
∫
d4x
√−g
[
R
2κ2
− V (Φ)
]
+Sm[e
2α(Φ)gµν , ψm]. (26)
This action has exactly the same form as the scalar-tensor
form (7) of the standard-variation version of the theory,
except that the kinetic energy term for the field Φ has
been deleted. Thus, somewhat paradoxically, allowing
the connection to be an independent dynamical variable
has reduced rather than increased the number of degrees
of freedom of the theory; the field Φ is no longer dynam-
ical but is determined from an algebraic equation (see
below).
The equations of motion of this formulation of the the-
ory are significantly simpler than those of the original
formulation. They are
1
κ2
Gµν = −V (Φ)gµν + e2α(Φ)T¯µν , (27)
and
V ′(Φ) = α′(Φ)e4α(Φ)T¯ , (28)
where T¯µν = −(2/√−g¯)δSm/δg¯µν is the Jordan-frame
stress energy tensor and T¯ = g¯µν T¯µν . Note that Eq.
(28) implies that Φ is an algebraic function of T¯ . It
can be interpreted as saying that the field always sits
at the extremum point of the matter-corrected potential
V (Φ)− e4α(Φ)T¯ /4.
We next discuss the nature of the solutions of the al-
gebraic equation (28) for Φ. We restrict attention to the
model (11) of Carroll et. al., and to the case of nega-
tive T¯ . We define ρc = µ
2/κ2, which is a critical energy
density of order the present cosmological energy density.
When |T¯ | ≪ ρc, we have Φ ≈ Φmax =
√
3/2 ln(4/3)/κ
(where Φmax is the value of Φ at the local maximum
of the potential), V (Φ) ≈ V (Φmax) = 3
√
3ρc/16, and
e2α(Φ) ≈ 3/4. When |T¯ | ≫ ρc, on the other hand, the
solution is κΦ ∼ (ρc/|T¯ |)2
√
3/2 ≪ 1, corresponding to
V (Φ) ∼ ρ2c/|T¯ | and e2α(Φ) ∼ 1. Thus, up to fractional
corrections of order ρ2c/|T¯ |2, the equation of motion (27)
reduces to Einstein’s equation.
However, in terrestrial and astrophysical environ-
ments, these conclusions are only valid when the stress
energy tensor T¯µν is interpreted to be the true, micro-
scopic stress energy, and not the macroscopic, spatially-
averaged stress energy tensor. What this means is as
follows. The true, microscopic stress energy tensor T¯µν
will vary over atomic scales in matter, from |T¯ | ≫ ρc in-
side atoms, to |T¯ | ≪ ρc in between atoms. Let us write
T¯µν = 〈T¯µν〉+ δT¯µν , gµν = 〈gµν〉+ δgµν , where 〈T¯µν〉 and
〈gµν〉 are the spatial averages of the stress energy ten-
sor and the metric over some lengthscale large compared
to atomic scales, and δTµν and δgµν are the fluctuations
due to the microscopic structure of matter. For general
relativity, we have δgµν ≪ 1, and so the fluctuations can
be treated as a linear perturbation in Einstein’s equa-
tion. This guarantees that Einstein’s equation continues
to hold to a good approximation with T¯µν replaced by
〈T¯µν〉 and with gµν replaced by 〈gµν〉.
However, this property does not hold for the theory
of gravity given by Eqs. (27) and (28). If we write Φ =
〈Φ〉+δΦ, then since the energy density varies from scales
≫ ρc inside atoms to scales ≪ ρc in between, it follows
that κδΦ is of order unity. Hence, δΦ cannot be treated
as a linear perturbation in Eq. (27); for example one
cannot make the replacement 〈e2α(Φ)〉 = e2α(〈Φ〉). Thus
Eq. (27) and (28) are not valid with the fields T¯µν , gµν
and Φ all replaced by their spatial averages. In particular,
this invalidates the FRW cosmological models obtained
from Eqs. (27) – (28) [or equivalently Eqs. (16) – (18)]
with T¯µν taken to be that of pressureless matter [6, 9].
The strong dependence of solutions of the equations of
motion on the microphysical structure of matter suggests
that one should treat the matter source in terms of quan-
tum field theory. In this context, one can integrate out
the field Φ by solving its equation of motion and back-
substituting into the action (26). One then finds that
4additional interactions are generated among the various
matter fields of the standard model of particle physics
that are sufficiently large to be in severe violation of ex-
perimental bounds.
We illustrate this effect by taking the matter action to
be the Dirac action for free electrons:
Sm[g¯µν ,Ψe] =
∫
d4x
√−g¯ Ψ¯e [iγ¯µ∇µ −me] Ψe. (29)
Here Ψe is a Dirac spinor and me is the electron mass,
and γ¯µ are the Dirac matrices associated with the metric
g¯µν , satisfying γ¯
µγ¯ν + γ¯ν γ¯µ = −2g¯µν. Substituting into
Eq. (26) gives for the total action
S˜[gµν ,Φ,Ψe] =
∫
d4x
√−g
[
R
2κ2
− V (Φ)
+ie3α(Φ)Ψ¯eγ
µ∇µΨe − e4α(Φ)meΨ¯eΨe
]
, (30)
where γµ = e−αγ¯µ are the Dirac matrices associated
with the Einstein frame metric gµν . The equation of
motion for Φ is V ′(Φ) = 3α′(Φ)e3α(Φ)iΨ¯eγµ∇µΨe −
4α′(Φ)e4α(Φ)meΨ¯eΨe. Solving this equation for Φ using
Eqs. (9) and (11) yields
κΦ = κΦmax− 1√
2
M−
√
3
8
K+O(K2,M2,KM), (31)
where K and M are the dimensionless quantities K =
iκ2Ψ¯eγ
µ∇µΨe/µ2, M = κ2meΨ¯eΨe/µ2. Substituting
the solution (31) back into the action (30), and per-
forming the constant conformal transformation gµν →
(4/3)gµν gives
S˜[gµν ,Ψe] =
∫
d4x
√−g
[
R
2κ˜2
− Λ + iΨ¯eγµ∇µΨe
−meΨ¯eΨe − 3
√
3
16m4∗
(iΨ¯eγ
µ∇µΨe)2 − 1√
3
m2e
m4∗
(Ψ¯eΨe)
2
+
√
3
4
me
m4∗
(iΨ¯eγ
µ∇µΨe)(Ψ¯eΨe) + . . .
]
, (32)
where κ˜ =
√
4/3κ, m∗ =
√
µ/κ and Λ = µ2/(
√
3κ2) is
the induced cosmological constant.
The last three terms in the action (32) are corrections
to the standard model. These corrections are charac-
terized by the mass scale m∗, which is roughly the ge-
ometric mean of the Planck and the Hubble scales, of
order 10−3 eV. Since this mass scale is so small, it is
clear that the action (32) is in severe conflict with par-
ticle physics experiments, for example electron-electron
scattering. Thus the original gravitation theory (12) is
ruled out.
A simple physical explanation for this effect is the fol-
lowing. Consider a region of space where the energy den-
sity ρ is of order ρc and which varies over a lengthscale
L ≪ H−10 , where H0 is the Hubble scale. Then, the cor-
responding Einstein-frame gravitational field will be neg-
ligible, but the quantity e2α and the perturbation to the
Jordan-frame metric will be of order unity, from Eq. (28).
Therefore the gravitational acceleration experienced by
test particles will be ∼ c2/L, of order the gravitational
acceleration produced by a black hole of size ∼ L near
its horizon. Such gravitational accelerations are signifi-
cantly larger than in general relativity. Although the the-
ory (12) was designed to produce deviations from general
relativity only at very large lengthscales ∼ µ−1 ∼ H−10 ,
in fact deviations from general relativity can be manifest
at much smaller distance scales, as long as the local ra-
dius of curvature of spacetime ∼
√
c3/(Gρ) is of order
µ−1, and the lengthscale L over which the density varies
satisfies L ≪ µ−1. Since the density scale ρ ∼ ρc can
be achieved in the scattering of sufficiently low energy
elementary particles, such particles experience the non-
conventional large gravitational forces discussed above,
and the particle scattering cross-sections are therefore
affected.
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